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1 Corrections of mathematical statements

Page 328 Chap. D3, Sect. D3.5, paragraph beginning “The power of such a ‘leap’ ”.
For: “…we canwith one formula𝜑(𝑛, 𝑞), where 𝑞 is a rational number, encode a convergent

sequence of rational numbers. Real numbers that are the limits of such sequences are
called computable.”

Read: “…we canwith one Σ1-formula𝜑(𝑛, 𝑞), where 𝑞 is a rational number, define a sequence
of rational numbers 𝑞𝑛 (the graph of the function 𝑛 ↦ 𝑞𝑛), and with another Σ1-
formula a modulus of convergence, i.e., a function 𝑁(𝑘) such that |𝑞𝑚 − 𝑞𝑚′| ≤ 2−𝑘

for all 𝑚,𝑚′ ≥ 𝑁(𝑘). Real numbers that are the limits of such sequences are called
computable.”

Comment: A Σ1-formula defining the graph of a total function defines a recursive function; hence
the corrected definition is the standard one. Both conditions are needed: a sequence of
rational numbers with a Σ1-definable graph that is increasing and bounded may have
a non-computable limit (E. Specker, 1949), and for an arbitrary formula 𝜑 the limits
are exactly the arithmetical real numbers.

Page 328 Chap. D3, Sect. D3.5, next paragraph.
For: “…for example, the intermediate value theorem, the extreme value theorem for a con-

tinuous function on a closed interval, the identity 𝑒𝑥+𝑦 = 𝑒𝑥 ⋅ 𝑒𝑦 …”
Read: “…for example, the intermediate value theorem, the identity 𝑒𝑥+𝑦 = 𝑒𝑥 ⋅ 𝑒𝑦 …”
Comment: There exist computable continuous functions on [0, 1] that attain their maximum at

no computable point; hence the extreme value theorem does not hold for functions
considered on computable points.

1

https://doi.org/10.1007/978-3-032-30721-7
https://doi.org/10.1007/978-3-032-30721-7_3
https://doi.org/10.1007/978-3-032-30721-7_4
https://doi.org/10.1007/978-3-032-30721-7_7
https://doi.org/10.1007/978-3-032-30721-7_8
https://doi.org/10.1007/978-3-032-30721-7_9


Page 379 Chap. D4, Sect. D4.3.4, paragraph following the definition of 𝜏+.
For: the sentences from “Here the first problems with cardinals begin.” to “So in the theory

ZFC, cardinals form a proper class.”
Read: “The existence of 𝜏+ for every cardinal 𝜏 is provable already in ZF: one may take for 𝜏+

the Hartogs number 𝔥(𝜏), i.e., the least ordinal that cannot be injectively embedded
into 𝜏 (Sect. D4.4.2). In particular, the cardinals form a proper class. The difficulties
with cardinals in ZF lie elsewhere: ZF does not prove that the set 𝒫(𝜏) can be well-
ordered, i.e., that it has a cardinal as its cardinality. By adding the Axiom of Choice,
with the help of Zermelo’s theorem, we can guarantee the well-ordering of any set,
and thus the existence of a cardinality for that set.”

Page 379 Chap. D4, Sect. D4.3.4, Theorem D4.9.
For: “Let 𝒦 be a proper class, well-ordered by some class-relation.”
Read: “Let𝒦 be a proper class, well-ordered by some class-relation in such a way that every

proper initial segment of 𝒦 is a set.”
Comment: Without this condition the statement fails: the class On, reordered so that 0 follows

all other ordinals, is a well-ordered proper class with a greatest element and therefore
is not isomorphic to ⟨On, ∈⟩.

Page 392 Chap. D4, Sect. D4.5.
For: “This mutual interpretability is not an isolated case. PA is also bi-interpretable with

the theory Z-Inf (Zermelo’s theory without the axiom of infinity).”
Read: “The precise form of this result is due to Kaye and Wong [R. Kaye, T. L. Wong, On

interpretations of arithmetic and set theory, Notre Dame J. Formal Logic 48(4) (2007),
497–510]: PA is bi-interpretable with the theory ZF in which the Axiom of Infinity is
replaced by its negation and the axiom asserting the existence of transitive closures
is added. The negation of the Axiom of Infinity is essential: Zermelo’s theory from
which the Axiom of Infinity is merely deleted has models containing infinite sets (for
example, 𝑉𝜔+𝜔) and is not bi-interpretable with PA.”

2 Further corrections

Page 112 Chap. B1, Sect. B1.2.7, “Group theory”.
For: “…we should consider the multiplication of positive integers (the universe 𝔪) modulo

a prime 𝔭 …”
Read: “…we should consider the multiplication of positive integers not divisible by a prime

𝔭 (the universe 𝔪) modulo 𝔭 …”
Comment: Multiples of 𝔭 have no multiplicative inverse modulo 𝔭.

Page 114 Chap. B1, Sect. B1.2.7, “Divisible Torsion-Free Abelian Groups”.
For: “This excludes, for example, cyclic groups, …”
Read: “This excludes, for example, finite cyclic groups, …”
Comment: The group ℤ is cyclic and torsion-free.
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Page 114 Chap. B1, Sect. B1.2.7, same subsection, last paragraph.
For: “Their complete and simple classification as ℚ-vector spaces …”
Read: “Their complete and simple classification (as direct sums of copies of ℚ and of the

quasicyclic groups ℤ(𝑝∞)) …”
Comment: Only torsion-free divisible groups are ℚ-vector spaces.

Page 165 Chap. B2, Sect. B2.3.2.
For: “Abraham Fraenkel and Thoralf Skolem introduced the axiom of regularity and the

axiom of replacement in the early 1920s, …”
Read: “The axiom of replacement was introduced by Abraham Fraenkel and Thoralf Skolem

in the early 1920s, and the axiom of regularity by John von Neumann (1925) and
Ernst Zermelo (1930), …”

Page 263 Chap. D2, end of Sect. D2.1.
For: “…every Boolean algebra is isomorphic to an algebra that is some (Cartesian) product

of copies of the two-element Boolean algebra 2.”
Read: “…every Boolean algebra is isomorphic to a subalgebra of some (Cartesian) product of

copies of the two-element Boolean algebra 2.”
Comment: Every power 2𝐼 is complete and atomic, whereas, for example, the countable atomless

Boolean algebra is neither.

Page 274 Chap. D2, Sect. D2.2.3.
For: “…each subsequent constructible universe is built as the set of all definable subsets of

the previous one, which means that in reality (from the point of view of the meta-
theory) the cardinalities of all these universes are no more than countable.”

Read: “…each subsequent constructible universe 𝐿𝛼+1 is built as the set of all definable subsets
of the previous one, so that 𝐿𝛼 is countable for every countable ordinal 𝛼 (from the point
of view of the meta-theory); if ZF has a transitive model, then 𝐿𝛿 is a model of ZF for
some countable ordinal 𝛿.”

Comment: |𝐿𝛼| = |𝛼| for every infinite ordinal 𝛼.

Page 280 Chap. D2, Sect. D2.2.4, paragraph following the Łoś–Vaught test.
For: “…a first-order theory categorical in some infinite cardinality is not Gödelian.”
Read: “…a first-order theory without finite models that is categorical in some infinite cardi-

nality is not Gödelian.”
Comment: The Łoś–Vaught test, on which the argument rests, requires the absence of finite

models.

Page 331 Chap. D3, Recommended Reading.
For: “The article by Kirby and Paris [40] became a landmark, presenting the first ‘natural’

combinatorial statement (a variation of Ramsey’s theorem) independent of Peano’s
axioms.”

Read: “The article by Kirby and Paris [40] became a landmark, presenting simple ‘natural’
combinatorial statements (Goodstein’s theorem and the Hydra game) independent of
Peano’s axioms; the first statement of this kind, a variation of Ramsey’s theorem, had
been found a few years earlier by Paris and Harrington.”
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Page 339 Chap. D4, Sect. D4.1, paragraph following axioms BA1–BA7.
For: “…1 is the set 𝑀 …”
Read: “…1 is the set 𝑈 …”
Comment: 𝑀 = 𝒫(𝑈) is the carrier of the algebra; its greatest element is 𝑈.

Page 385 Chap. D4, Sect. D4.4.1, Remark following the theorem on countable unions.
For: “It turns out to be equivalent to a weaker choice axiom: the Axiom of Countable Choice

for families of countable sets.”
Read: “It implies, in turn, a still weaker choice principle, the Axiom of Countable Choice for

families of countable sets: once the union ⋃𝑛 𝐴𝑛 is enumerated, one may choose from
each 𝐴𝑛 its element with the least number.”

Page 403 Answers to Exercises, A2.12, item 1.
For: “Transitive (brother of a brother is a brother).”
Read: “Not transitive in the strict sense: if 𝑎 is a brother of 𝑏, then 𝑏 is a brother of 𝑎, but

𝑎 is not a brother of himself (for pairwise distinct persons, a brother of a brother is a
brother).”

4


	Corrections of mathematical statements
	Further corrections

